Vector
analysis 1

Learning outcomes

When you have completed this Programme you will be able to:
e Obtain the scalar and vector product of two vectors

e Reproduce the relationships between the scalar and vector
products of the Cartesian coordinate unit vectors

e Obtain the scalar and vector triple products and appreciate their
geometric significance

e Differentiate a vector field and derive a unit vector tangential to
the vector field at a point

Integrate a vector field

e Obtain the gradient of a scalar field, the directional derivative and a
unit normal to a surface

e Obtain the divergence of a vector field and recognise a solenoidal
vector field

Obtain the curl of a vector field

e Obtain combinations of div, grad and curl acting on scalar and
vector fields as appropriate

Prereqwszte. Engmeermg Matkemattcs (sztk Ed:tum)
Programme 6 Vectors e -
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Introduction

The initial work on vectors was covered in detail in Programme 6 of
Engineering Mathematics (Fifth Edition) and, if you are in any doubt,
spend some time reviewing that section of the work before proceeding
further.

The current Programmes on vector analysis build on these early
foundations, so, for quick reference, the essential results of the
previous work are summarised in the following list.

Summary of prerequisites

1 A scalar quantity has magnitude only; a vector quantity has both
magnitude and direction.

2 The axes of reference, OX, OY, OZ, form a right-handed set. The
symbols i, j, k denote unit vectors in the directions OX, OY, OZ,
respectively.

If OP = r = a,i + a,j + a,k then OP = |r| =, /a + a2 + a2 where
|¥| is the modulus of r.

3 The direction cosines [l, m, n] are the cosines of the angles between
the vector r and the axes OX, OY, OZ, respectively. For any vector
r=ai+aj+ak

1= Y, G
|| by ||
and 1I24+m?+n?=1.

4 Scalar product (‘dot product’)

A -B = ABcosf where 0 is the angle between A and B and where

A and B are the moduli of A and B.

If A = ayi +ayj +a,k and B = b,i + b,j + b,k then
A-B=a,by+ab,+ab, and A-B=B A

5 Vector product (‘cross product’)

A x B = ABsin# in a direction perpendicular to A and B so that
A, B, (A x B) form a right-handed set.
Therefore |A x B| = ABsin§
i j Kk
Also AxB=|ay ay, da;) where AxB=-BxA
by b, b,
6 Angle between two vectors
cos = Il + mymy 4+ nyny
where I;, my, n; and I, m;, n, are the direction cosines of vectors
r; and r; respectively.
For perpendicular vectors il + mymy +niny =0
For parallel vectors Ll +mimy + nyny = 1.

One or two examples will no doubt help to recall the main points.
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Example 1 (Direction cosines)

If i, j, k are unit vectors in the
directions OX, OY, OZ, respectively,
then any position vector OP (= r)
can be represented in the form

OP =r = a,i + a)j + a/k.

le| = /a2 + a2 + a2

The direction of OP is denoted by
stating the direction cosines of the

angles made by OP and the three ,z "
. ——— P
coordinate axes. = =
_ _OL  ay a, '
l=cosa= aﬁ = m ¥
B
m—cosﬁ=__0M:a_V o I ]
OP |r| ) a Lo y
_ _ON a, x
n=Ccosy=gp= |

S, m, n=cosa, cosB, cosy

So, if P is the point (3, 2, 6), then

| =7;
1=0-429; m=0286; n=0857

Because
(e))>=9+4+36=49 . |r|=7
l=cosa=3%=04286

m = cos 3 =%=0-2857
6
7

n=Cosy=
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Example 2 (Angle between two vectors)

If the direction cosines of A are I, m;, n; and those of B are
Iy, my, ny, then the angle between the vectors is given by

cos 8 =l +mimy +nyny. (1)

If A=2i+3j+4Kk and B =1i-2j+ 3Kk, we can find the direction
cosines of each and hence § whichis............

0 = 66° 36'
Because
ForA: |[r1|=v4+9+16=+v29
2 3 4

3 11=

\/—2—5; m1=\/2—9—; nl:\/2_9
ForB: |ry|=vI+4+9=+14
" lzzi‘ mzz;z‘ nz=3—

V14’ V14’ V14

Then cosf= —\/141x=29{2 —6+12} =0-3970
oo 0=66°36
Let us now look at the question of scalar and vector products.
On to the next frame

Example 3 (Scalar product)

If A and B are two vectors, the scalar product of A and B is defined as
A B =ABcos# (2)
where # is the angle between the two vectors. f A-B =0 then A L B.

If we consider the scalar products of the unit vectors i, j, Kk, which are
mutually perpendicular, then

i-j=(1)1)cos90°=0 .. i-j
and i-i=(1)(1)cos0® =1 R S |

In general, if A=asi+aj+ak and B=>hsi+bj+bKk then
A -B = a,by + a,by, + a,b, which is, of course, a scalar quantity.

So, if A =2i—3j+ 4k and B =i 2j+ 5K, then

w

=k-i=0
=k -k=1.

A-B=2-6+20=16

Also, since A - B = ABcos 6, we can determine the angle ¢ between the
vectors. In this case 0=............
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6=57°9

A=2i-3j+4k .. A=|A|=V4+9+16=V29
B=i+2j+5k .. B=|B|=vI+4+25=+30
We have already found that A-B =16 and A-B =ABcos#§

. 16 =v29v30cos6 .. cosf=05425 - 9=57°9
So, the scalar product of A = ayi + a,j+ a,k and B = b,i+ b)j+b.K
is A -B = a,b, + ayb, + a,b,
and A -B = ABcosf where 4 is the angle between the vectors.
It can also be shown that

(2 A-B=B-A

and () A-(B+C)=A-B+A-C
Make a note of these results

Example 4 (Vector product)

If A=a,i+ayj+ak and B =byi+ byj+ b,k the vector product
A x B has magnitude |A x B| = ABsin# in the direction perpendicular
to A and B such that A, B and (A x B) form a right-handed set.

We can write this as

A xB = (ABsinf)n 3)
where n is defined as a unit vector in the positive normal direction to
the plane of A and B, i.e. forming a right-handed set.
i j Kk
ay ay a
by b, b,
If we consider the vector products of the unit vectors, i, j, K, then

ixj=(1)(1)sin90°k =k

jxk=1i, kxi=j
Note that

jxi=—-(ixj)=-k

Kxj=-1, ixk=-j
Also

ixi=(1)(1)sin0°n=0

ixji=kxk=0

It can also be shown that

(@ AxB+C)=AxB+AxC
and (b) AxB=—-(BxA)
Make a note of these results (3), (4) and (5).
Then, if A=3i—2j+4Kk and B=2i-3j-2k
AxB=............

Also AxB= (4)

©)
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A x B =16i + 14j — 5k

We simply evaluate the determinant

i j K
AxB=3 -2 4
2 -3 -2

=i(4+12) — j(—6 — 8) + K(—9 +4) = 16i + 14§ — 5k

Move on to the next frame

We have seen therefore that

the scalar product of two vectors is a scalar
but that the vector product of two vectors is a vector.
We know also that |A x B| = ABsiné

Therefore, the angle between the vectors A and B given in Example 4 is
0=l

6 =79° 40

Because
A=3i—2j+4k; B=2i-3j—2K; and A xB = 16i + 14j— 5k
|AxB|=1/162+142 + 52 = V477 = 21-84
A=|A|=+/32+22+42 = /29 = 5385
B=|B|=+/22+32422 =17 =4123
. 21-84 = (5-385)(4-123) sin
. sin=09838 .. 6=79°40
So, to recapitulate:
If A=ayi+aj+ak and B=>h,i+bjj+b.k and 6 is the angle

between them
(@) Scalar product = A - B = a,b, + ayb, + a;b,
= ABcos 6
i j k

(b) Vector product=AxB=|ay ay, a,
by b, b,
and | AxB|=ABsiné.

Make a note of these fundamental results: we shall certainly need them.
Then, in the next frame, we can set off on some new work
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Triple products

We now deal with the various products that we form with three
vectors.
Scalar triple product of three vectors

If A, B, C are three vectors, the scalar formed by the product A - (B x C)
is called the scalar triple product.

If A=ai+aj+ak; B="bi+bj+bk; C=ci+gj+ck;

i § K
then BxC=|by b, b,
& G &

i j Kk

S A-BxC)=(adi+aj+akK) by b, b,

& 6 G

Multiplying the top row by the external bracket and remembering that
ij=j k=K-i=0 and i-i=j-j=k-k=1

ay a, a
CX Cy Cz
Example
If A=2i-3j+4k; B=i-2j-3Kk; C=2i+j+2Kk;
2 -3 4
then A-(BxC)=(1 -2 -3
2 1 2
A (BxC)=42
Because
2 -3 4
A-BxC)=|]1 -2 -3
2 1 2

=2(—4+3)+3(2+6)+4(1+4)=42
As simple as that.
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Properties of scalar triple products

bx by bz Ay Lly a;
@ B-CxA)=la ¢ G|l=—|a ¢
ay ay a by b, b,

since interchanging two rows in a determinant reverses the sign. If
we now interchange rows 2 and 3 and again change the sign, we

have
a, a, a
B-(CxA)=|by b, b;|=A-(BxC)
Cx Cy Cz
S A-(BxC)—B-(CxA)—C-(AxB) 7)

i.e. the scalar triple product is unchanged by a cyclic change of the
vectors involved.

by by b, ay dy 4
(b) B- (AxC)=\ax ay, a;j=—|bx b, b,
& G G G G

S B-(AxC)=-A-(BxC) 8)

i.e. a change of vectors not in cyclic order, changes the sign of the
scalar triple product.

ax a, a,
(© A-BxA)=\|by b, b;/=0 since two rows are identical.
ax ay a
. A-(BxA)=B-(CxB)=C-(AxC)=0 ®)

Example
If A=i+2j+3k; B=2i—-3j+k; C=3i+j-2k
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A-BxC)=52 C-(AxB)=-52

Because
1 2 3
A-BxC)=|2 -3 1{=1(6-1)—2(—4-3)+3(2+9) =52
3 1 -2

C- (B x A) is not a cyclic change from the above. Therefore
C-BxA)=-A-(BxC)=-52

Coplanar vectors

The magnitude of the scalar triple product | A - (B x C) | is equal to the
volume of the parallelepiped with three adjacent sides defined by A, B
and C.

The scalar triple product A - (B x C) = A-(BCsinfn) = ABCsin § cos ¢
where n is a unit vector perpendicular to the plane containing B and
C, 0 is the angle between B and C and ¢ is the angle between A and n.
Therefore

|A-(BxC)|=ABC|sinf cos¢ |

Notice that in the figure both 6 and ¢ are drawn as acute but in the
general case this may not be so. Now, BC |sin§ | is the area of the
parallelogram defined by B and C. The altitude of the parallelepiped is
A | cos¢ | and so ABC | siné cos ¢ | is the volume of the parallelepiped
with three adjacent sides defined by A, B and C.

Consequently if A- (B x C) =0 then the volume of the parallele-
piped is zero and the three vectors A, B and C are coplanar.

Example 1

Show that A=i+2j—3Kk; B=2i—j+2Kk; and C=3i+j—Kk are
coplanar.

We just evaluate A-(BxC)=............ and apply the test.
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A-BxC)=0
Because
1 2 -3
A-BxC)=|2 -1 2|=11-2)-2(-2-6)-3(2+3) =0.
3 1 -1

Therefore A, B, C are coplanar.

Example 2
If A=2i—-j+3k; B=3i+2j+k; C=i+pj+ 4Kk are coplanar, find
the value of p.

The method is clear enough. We merely set up and evaluate the
determinant and solve the equation A - (B x C) =0.

p=-3

Because

2 -1 3

A - BxC)=0 13 2 1|=0

1 p 4
S.28-p)+1(12-1)+33Bp—-2)=0 .. 7p=-21 .. p=-3
One more.
Example 3

Determine whether the three vectors A = 3i+ 2j — K; B = 2i — j + 3K;
C =i — 2j + 2K are coplanar.

Work through it on your own. The result shows that

A, B, C are not coplanar

Because
3 2 -1
inthiscase A-BxC)=|2 -1 3|=13
1 -2 2
LA BxC)#0 .. A, B, C are not coplanar.

Now on to something different




Vector analysis 1 707

Vector triple products of three vectors
If A, B and C are three vectors, then

Ax (BxC)

and (A xB)x C} are called the vector triple products.  (10)

Consider A x (B x C) where A =a,i+a)j+a.K; B=hyi+bj+bk
and C=qi+¢j+ck

Then (B x C) is a vector perpendicular to the plane of B and C and
A x (B x C) is a vector perpendicular to the plane containing A and
(B x C), i.e. coplanar with B and C.

Note that, similarly, (A x B) x C is coplanar with A and B and so in
general A x (B x C) # (A xB) x C.

Now
i j k
b, b by b b, b
(BXC):bx b}' bZ =i 4 Z_i x Z+k X Y
G 6 G G G Cy Cz & G
i j Kk
ax ay aZ
Then Ax (BxC)=
b, b, by b,| |bx b,
&y & G| |G g
i j K
dy a, a
by by |b. by |Be by
G G| |G & | G

In symbolic form, further expansion of the determinant becomes
somewhat tedious. However a numerical example will clarify the
method.

So make a note of the definition (10) above and then go on to the next frame

Example 1

If A=2i-3j+k; B=i+2j—k; C=3i+j+3Kk; determine the
vector triple product A x (B x C).

We startoff with BxC=............
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B x C=7i—6j— 5K

Because
ij Kk_; _i _
BxC—l1 2 -1 1(6+{) iB+3)+k(1-6)
3 1 3 =7i—-6j— 5k

Then Ax (BXxC)=............

Ax (BxC)=21i+17j+9k

Because
i j k
AxBxC=2 -3 1
7 -6 §
=i(15+6)—j(-10-7) + k(-12 +21)
=21i+17j+9k

That is fundamental enough. There is, however, an even easier way of
determining a vector triple product. It can be proved that

Ax(BxC =(A-CB—(A-B)C

and (AxB)xC=(C-A)B—(C-B)A (1)

The proof of this is given in the Appendix. For the moment, make a
careful note of the expressions: then we will apply the method to the
example we have just completed.

A=2i-3j+Kk B=i+2j—Kk; C=3i+j+3k and we have
AxBxC)=(A-C)B— (A-B)C
=(6-3+3)(i+2j—K)—(2—6—1)(3i+j+3K)
=6({1+2j—-K)+53i+j+3Kk)
=21i+17j+ 9k

which is, of course, the result we achieved before.
Here is another.

Example 2

If A=3i+2j-2k; B=4i-j+3k; C=2-3j+Kk determine

(A x B) x C using the relationship (A x B) x C= (C-A)B — (C-B)A.
(AxB)xC=............
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—50i — 26 + 22k

Because
(AxB)xC=(C-A)B—(C-B)A
=(6-6—-2)(4—-j+3K)—(8+3+3)33i+2j-2K)
= —2(41 — j+ 3K) — 14(3i + 2§ — 2K)
= —50i — 26j + 22k

Now one more.

Example 3
IfA=i+3j+2k; B=2i+5j—Kk; C=i+2j+3k

AxBxC)=............
(AxB)xC=............

Finish them both.

A x (B x C) = 11i + 35j — 58k
(A x B) x C = 17i + 38j — 31Kk

Because
AxBxC)=(A-C)B-(A-B)C
=(1+4+6+6)(2i+5)—-Kk)—(2+15-2){+2j+3Kk)
=13(2i+ 5§ — k) — 15(i + 2§ + 3K)
=11i+ 35j — S8k
and
(AxB)xC=(C-A)B-(C-B)A
=(14+6+6)2i+5j—-K)—(2+10-3){+ 3j+2Kk)
=13(2i+ 5j - K) — 9(i + 3j + 2k) = 17i + 38j — 31k
These two results clearly confirm that
AxBxC)#AxB)xC 5o beware!

Before we proceed, note the following concerning the unit vectors.

@ (ixj=k
SLix(ixj)=ixk=-j
Soix(Ax§)=-j

®  (Gxi)xj=(0)xj=0 i

3 (iXi)Xi:O Vilo y

and once again, we see that
ix@x§)AAxL)xj

z

On to the next
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Finally, by way of revision:

Example 4
If A=5i-2j+3k; B=3i+j-2k; C=i-3j+4K; determine
(a) the scalar triple product A - (B x C)

(b) the vector triple products (1) A x (B x C)
(2) (AxB)xC.

Finish all these and then check with the next frame

@ A-BxC)=-12
(b) (1) Ax (B xC)==62i+44j— 74k
(2) (A xB)xC=109%+7j- 22k

Here is the working.

5 2 3
@A (BxC=3 1 -2
1 -3 4

=5(4—6)+2(12+2)+3(-9—1) =12

(b) 1) Ax(BxC)=(A-C)B— (A-B)C
=(5+6+12)(3i+j— 2K)
— (15— 2 - 6)(i — 3j + 4K)
=23(3i+j— 2K) — 7(i — 3j + 4K)
= 62i + 44j — 74k

2 (AxB)xC=(C-A)B- (C-B)A
=23(3i+j— 2K) — (—8)(5i — 2j + 3K)
=109i + 7j — 22k

Let us now move to the next topic

Differentiation of vectors

In many practical problems, we often deal with vectors that change
with time, e.g. velocity, acceleration, etc. If a vector A depends on a
scalar variable t, then A can be represented as A(t) and A is then said
to be a function of t.

If A = a,i +ayj+ a,K then a,, a,, a, will also be dependent on the
parameter t.

Le. A(f) = ay(t)i+a,(0)j + a (K

Differentiating with respect to t gives ............
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SHAD) =15 (a0} +1 a0} + k5 {0}

dA dax day da,
In short T dt + +k—= ar

The independent scalar variable is not, of course, restricted to t. In
general, if u is the parameter, then

du Vaw at
Q If a position vector OP moves to OQ
3A when u becomes u + éu, then as éu — 0,
Au +38u) P the direction of the chord PQ becomes
that of the tangent to the curve
A) dA
o at P, i.e. the direction of — au is along the
T dA tangent to the locus of P.
du
[
A(u)
Example 1
If A= (3u? + 4)i+ (2u— 5)j + 44°K, then
dA _
qu
dA _ 6ui + 2j + 12u’k
du
‘A
If we differentiate this again, we get —- Q= = 6i + 24uk

2

When u = 2, %‘—121+21+48k and guA—6 + 48k

d’A

h =&
Then Qe

= i and

i
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dA d’A
Because
dA 2, 52, aq211/2 1/2
5| = (122 + 22+ 48712 = {2452}'/% = 49.52
d’A 2 211/2 1/2
and || = {6+ 48" = (2340}"/” ~ 48.37
Example 2
If F = isin 2t + je3* + K(t3 — 4t), then when t = 1
dF _ . &F
qE = S ogE T

g=2c052i+3e3i~k

dt
d’F o o3
p T —4sin 2i + 9¢°j + 6k
. e . dfF _ d°F
From these, we could if required find the magnitudes of G and PToR
|25 &F|_
771 ERRRRRRRRRRERE ; qiz| =
aE| _ 60-27; ﬂ = 180-9
dt| ’ de2 |
Because
{%ﬂ = {(2c0s2)% + 9¢ + 1}1/2
= {0-6927 + 3631 + 1}'/2 = 60-27
d’F . 2 6 1/2
and Izl {(—4sin2)” + 81¢° + 36}

= {13-23 + 32678 + 36}"/> = 180-9

One more example.

Example 3
If A= (u+3)i— (2 +u?)j+ 2u°K, determine
dA d’A dA d’A
(@) u (b)m © u @ az atu=3.

Work through all sections and then check with the next frame
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Here is the working. A = (u+3)i — (2 +#?)j + 2’k

dA . da ;

() a_i—2u;+6u2k At u=3, = =i-6j+54k
dzA dzA

b) 7=-2i+12uk Atu=3, 5 =-2j+36k

© '%‘ — {1+ 36+ 2916}/2 = (2953)V/2 — 5434

2
) %:‘} — {4+1296}1/2 = (1300)/2 = 36:06
The next example is of a rather different kind, so move on
Example 4

A particle moves in space so that at time t its position is stated as
x=2t+3,y=1t>+3t, z=13+2t2. We are required to find the
components of its velocity and acceleration in the direction of the
vector 2i + 3j+ 4k when t =1.

First we can write the position as a vector »
r=(2t+3)i+ (£ +30)j+ (£ + 2tk

Then, att =1
dr _ . A
 TARRLLRLRLRRRRE ; Gz e
$—2i+5‘+7k- ﬁ—i‘+10k
ar -~ J+7% - g T
Because
dr .
a:2i+(2t+3)1+(3t2+4t)k
. _ de .
coAtt=1, S =2i+5j+7k
d’r
and F=2i+(6t+4)k
. d’r .

Now, a unit vector parallel to 2i + 3j + 4Kis ............
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2i+3j+4k _ 1

JiTor1s vm ATt

Denote this unit vector by I. Then

the component of %;—. in the direction
of I
dr
= a?cose
dr
=3 1
1
=——=—(2i+5j+7K) - (2i + 3j + 4k
755 i+7K) - ( j + 4K)
873
Because
1 1
——2i+5j+7K)- (2i+3j+4K) =——(4+ 15+ 28
735 A+ 51 +7K) - (21 +3) + 4K) = (4 4 15 + 28)
47
V29
=873
. d’r . . .
Similarly, the component of 32 n the direction of I is
8-54
Because
d’r d%r
WCOS 0= d—tz -I

1
=755 (21 + 10K) - (21 + 3j + 4K)

1

=——(6+40
\/2_9(+ )
46

= \/2_9
=854
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Differentiation of sums and products of vectors
If A=A(u) and B = B(u), then

@ i{cA}=c%
dA dB
® Sarm -2, 8
dB dA
© —{A B} =A- T+
dB dA
@ Siaxm—ax3B A, 5

These are very much like the normal rules of differentiation.
However, if A(u) - A(u) = a} + a2 + a2 = |A|? = A2 is a constant then

AW AW} = AG) S {A@) +A®W) - (AW)

= 2A() (AW} = 5 1A%} =0

Assuming that A(u) # 0, then since A(u) - % {A(u)} = 0 it follows that

A(u) and % {A(u)} are perpendicular vectors because

Au) -%{A(u)} =| Au) | L% {A(u)}\ cosf =0

iy
. 0= So0==
Ccos 0 2

Now let us deal with unit tangent vectors.

Unit tangent vectors

We have already established in Frame 30
of this Programme that if OP is a position
vector A(u) in space, then the direction P

of the vector denoting %{A(u)} is
o] A(u)
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parallel to the tangent to the curve at P

Then the unit tangent vector T at P can T
be found from

d
_ d—g{A(un ¢
|z (A 0~ AW

In simpler notation, this becomes:

If r = ayi + a,j + a.K then the unit tangent vector T is given by

_ dr/du
= lar/du
Example 1

Determine the unit tangent vector at the point (2, 4, 7) for the curve
with parametric equations x = 2u; y = 1% + 3; z = 2u? + 5.

First we see that the point (2, 4, 7) corresponds to u = 1.
The vector equation of the curve is
r = a + a,j + a;K = 2ui + (1? + 3)j + (2u® + Sk
. dr_
Sogg T

E=2i+2ui+4uk

du
dr .
andatu=1, —=2i+2j+4k
du
Hence |El= ............ and T=............
du
dr 1., .

Because

’(;—‘Z’ ={4+4+16)/*=242=2V6
dr
podu_2+2+4k_ 1

= - {i+j+2k
\E 276 \/g{”” }
du
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Let us do another.

Example 2

Find the unit tangent vector at the point (2, 0, =) for the curve with
parametric equations x = 2sin6; y = 3 cos8; z = 24.

We see that the point (2, 0, 7) corresponds to ¢ = /2.
Writing the curve in vector formr=............

r=2sinfi+3cosfj+ 20k

dr
Then, at 0 = 7r/2, @ ............
ar|
qg=
T=............
Finish it off
de . ’dr _
1
T=——=(-3j+2k
\/ﬁ( j )
And now
Example 3

Determine the unit tangent vector for the curve
x=3t y=2t% z=t>+t
at the point (6, 8, 6).

Onyourown. T=............

1
T—— (3i+8j+5k
o5 31+ 81+ 5K)

The point (6, 8, 6) corresponds to t =2

r=3ti+ 255+ (2 + Dk
dr

. a?=3i+4t]+(2t+1)k

Att=2, r=6i+8j+6k and%=3i+8i+5k

[%’E = (9 + 64 +25)"/% = /98
dr/dt 1

ST =0n=—
|dr/dt| /98

(3i + 8 + 5K)
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Partial differentiation of vectors

If a vector F is a function of two independent variables u and v, then
the rules of differentiation follow the usual pattern.
If F = xi + yj + zK then x, y, z will also be functions of # and v.

Then %=gz‘ 6yi+8z
OF ax 8y
oot i+—k
°F azx azy az
7= ot 5
O°F azx %y, oz
e = ol gyl 5K
O°F c‘)zx. &y ., 0z

k

udv ~ Buov. T ouov) T oy

and for small finite changes du and dv in u and v, we have

dF = —du + (%de
Example
If F=2uvi+ (12 - 2v)j+ (u+v?)k

OF _ ,  OF_

T ARRRRRIEEEE ; Ty =
6°F PF
R ; Bugy

oF . 5. OF_
%_2v1+2u]+k, E_Zui—2i+2vk
PF . ’F
= gy 2

This is straightforward enough.

Integration of vector functions
The process is the reverse of that for differentiation. If a vector
F=xi+yj+zk where F, x, y, z are expressed as functions of 4, then

b b b b
J qu=ij xdu+iJ ydu+kJ zdu.

a

Example 1
If F = (3t2 + 4t)i + (2t - 5)j + 4£°K, then

3 3 3 3
J th=ij (3t2+4t)dt+iJ (2t—5)dt+kJ ABdt= ...
1 1 1 1
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42i — 2j + 80k

Because
3

3 -
J Fdt = [i(r’* +262) +§(t% — 5t) + kt*
1 J1

= (45i — 6] + 81K) — (31 — 4j + K) = 42i — 2j + 80k

Here is a slightly different one.

Example 2
If F=3ui+2j+u+2)k
and V=2ui—-3uj+u-2)k

2
evaluate J (F x V)du.
0

First we must determine F x V in terms of u.

Fx V= +1?+6u)i— u?—10u)j — 2u® +9u?)k

Because

i ] k
3u w2 (u+2)
2u 3u (u-2)

which gives the result above.

FxV=

2
Then J (ExV)du=............
4]

4{14i + 13j — 24K}

Because
_(ut 2 ud 2. (ut 3
J(FXV)du— (Z+?+3u )i— (?—Su )]— (7-}-311 >k
2
: J(FxV)du:(4+%+12)i-(g—20)i—(8+z4)k
(1]
= 4{14i + 13j - 24K}
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Example 3

If F= A x (B x C) where
A =3t% 4 (2t - 3)j + 4tk
B=2i+4+3(1-0Hk
C =2t - 3% - 2tk

determine j: Edt.

First we need to find A x (B x C). The simplest way to do this is to use
the relationship

AxBxC)=............

Ax(BxC)=(A-C)B—(A-B)C

A-C=6—6t3+9t> —8t2 =2
A-B =612 +8t2 — 12t + 12t — 1212 = 2%

Then F=A x (BxC)
= 2{2i + 4tj + 3(1 — K} — 2£2{2ti — 3t%j — 2tK}

1
~ J Fdt=............
0

Finish off the simplification and complete the integration.

& {—20i + 132j + 75k}

Because
F=Ax (BxC)=(2t> - 43)i+ (48 + 6t")j + (32 + )k
Integration with respect to t then gives the result stated above.

Now let us move on to the next stage of our development
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Scalar and vector fields

z o(x, v, 2) If every point P (x, y, z) of a
Pxy. 2) region R of space has associated
with it a scalar quantity ¢(x, y, z),
then ¢(x, y, z) is a scalar function
y and a scalar field is said to exist in

x 0 7y the region R.
s
A —

Examples of scalar fields are temperature, potential, etc.

, F(xy,2) Similarly, if every point P (x, y, z)
of a region R has associated with it
P(xy 2) a vector quantity F(x, y, z), then
FE(x, y, z) is a vector function and a
z vector field is said to exist in the
y region R.

Examples of vector fields are force, velocity, acceleration, etc.
F(x, y, z) can be defined in terms of its components parallel to the
coordinate axes, OX, OY, OZ.

That is, F(x, y, z) = F;i+ Fj+FXk.

Note these important definitions:
we shall be making good use of them as we proceed

Grad (gradient of a scalar function)

If a scalar function ¢(x, y, z) is continuously differentiable with
respect to its variables x, y, z, throughout the region, then the gradient
of ¢, written grad ¢, is defined as the vector
_0b, 0. 06
grad¢_6xi+6y’+6zk (12)
Note that, while ¢ is a scalar function, grad ¢ is a vector function. For
example, if ¢ depends upon the position of P and is defined by
¢ = 2x%y73, then

grad ¢ = 4xyz3i + 2x22%j + 6x%yz’k
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Notation

The expression (12) above can be written
grad¢={ +]ay+k—}¢

where ( 9 _6_ +k—> is called a vector differential operator and is

Yoy

denoted by the symbol V (pronounced ‘del’ or sometimes ‘nabla’)
o] 0
ie. =i —+]j k—
i.e \Y <6x+'8y+ Bz)
Beware! V cannot exist alone: it is an operator and must operate on a
stated scalar function ¢(x, y, z).
If F is a vector function, VF has no meaning.

So we have:
V¢=grad¢=<i§+i5y+k%)¢
L L L )
ax 15y TR,

Make a note of this definition and then let us see how to use it

Example 1

If ¢ = x2yz3 + xy?2%, determine grad ¢ at the point P (1, 3, 2).

By the definition,  grad ¢ = V¢ = a¢ i+ 6yi + 92 a¢

All we have to do then is to find the partial derivativesatx =1,y =3,
z =2 and insert their values.

Vo=............
4(21i + 8 + 18K)
Because
21,3 2,2 . 99 32,2
¢ =x%yz +xy*z L o = 2 Y2
% _ 23 2 0p o 2 o
ay = x°z° + 2xyz E_3x yz? + 2xy*z
Then, at (1, 3, 2) @:43+ 36 - %: 84
3¢> ¢
—=8+24 Soo—=32
oy oy
9 _ . 09 _
82_36+36 L —&—72

. grad ¢ = V¢ = 84i + 32j + 72Kk = 4(21i + 8j + 18K)
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Example 2

If  A=x2zi+xyj +y*zk
and B = yz%i+xzj + x2ZK

determine an expression for grad (A - B).

This we can soon do since we know that A - B is a scalar function of
X, y and z.

Firstthen, A-B=............

A B = x%yz3 + xPyz + x%y2 72

Then VA -B)=............

2xyz(z% + 1 +yz)i + x*2(2% + 1 + 2y2)j + x*y(322 + 1 + 2y2)k

Because
if ¢ = A-B = (x2zi + xpj + y*ZK) - (yZ%i + xzj + ¥*ZK)

= x%y2 + XPyz + x2y? 22
Z_f = 2xyz% + 2xyz + 2xy* 2% = 2xy2(2® + 1 + y2)

99 _ y23 4 %27 + 2x%yz? = x2z2(2% +1 + 2yz2)

% _ 3x%yz? 4+ x%y + 2x%y%z = X%y (322 + 1 + 2y2)

62 V (A-B) = 2xyz(2* + 1 + yz)i + x*2(2* + 1 + 2y2)j
+x%y(32% + 1 + 2y2)k
Now let us obtain another useful relationship.
ar If OP is a position vector ¥ where
ﬁzx r=xi+yj+zK and dr is a small

displacement corresponding to
changes dx, dy,dz in x, y, z
respectively, then

VN dr=dxi+dyj+dzk

If ¢(x, y, z) is a scalar function at P, we know that

8¢, &
grad¢=v¢=%i+£1+a—fk

Then grad¢-de=............
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grad¢-dr—6¢dx+a¢dy+a¢dz
dy
Because
_ (94, 9¢. 99, . .
grad¢ - dr = (a—1+6y1+5— ) (dxi+dyj+dzk)
_9¢ 09
'ﬁd“' Bydy+ £ 9 4z
= the total differential d¢ of ¢
That is
d¢ = dr - grad ¢ (14)

This will certainly be useful, so make a note of it

Directional derivatives

We have just established that z Q(r+dr)
d¢ = dr - grad ¢ Py I |2
If ds is the small element of arc between dsdy dx

P (r) and Q (r + dr) then ds = |dr|

dr _dr ) y
ds |dr| X

and % is thus a unit vector in the direction of dr.

qu dr
= gradg

dr. .
If we denote the unit vector — by a then the result becomes

ds
%%Szé-gradqs

da? is thus the projection of grad ¢ on the unit vector a and is called the
directional derivative of ¢ in the direction of a. It gives the rate of
change of ¢ with distance measured in the direction of a and
d¢

Vi a - grad ¢ will be a maximum when a and grad ¢ have the same

direction, since then
a-grad ¢ =| a||grad ¢ | cosd and 6 will be zero.

Thus the direction of grad ¢ gives the direction in which the
maximum rate of change of ¢ occurs.
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Example 1

Find the directional derivative of the function ¢ = x?z + 2xy? 4+ yz? at
the point (1, 2, -1) in the direction of the vector A = 2i + 3j — 4k.

We start off with ¢ = x2z + 2xy? + yz2

Vo = (2xz + 2y%)i + (4xy + 22)j + (x* + 2y2)k

Because
0p 2. 99 _ . 9 _
oy = 22+ 2% 8y—4xy+zz, 5, =%tz

Then, at (1, 2, — 1)
Vo=(-2+8)i+B+1)j+(1-4k=6i+9j—- 3k

Next we have to find the unit vector & where A = 2i + 3j — 4k

A= ... i,
&= ——(2i+3j- 4K)
V2o
Because
A=2i+3j—4k .. |A|=V4+9+16=+29
A1
A= — — (2i13j—4Kk
A v AT

1
Sowe have Vg =6i+9j — 3k and a = —— (2i +3j— 4k
¢ j \/2—9( j )

.dg
. Es——a-
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d¢ 51
azﬁ_9-47
Because
9?:zi-quS=—1—(Zi—|—3i—4k)~(6i+9i—3k)
ds V29
:i(12+27+12):——5L=9-47
V29 V29

That is all there is to it.
(a) From the given scalar function ¢, determine V¢.
(b) Find the unit vector a in the direction of the given vector A.

(c) Then % =a-Vo.

Example 2

Find the directional derivative of ¢ =x2y+y?z+z%x at the point
(1, — 1, 2) in the direction of the vector A = 4i + 2j — Sk.

Same as before. Work through it and check the result with the next frame

d¢ -23
P 343
ds 35

Because
p=x*y+y’z+2%x
Ve = 2xy + 2B+ (X% + 2p2)j + (V% + 220k
At (1, —1,2), Vé=2i-3j+5k
A = 4i+2j-5k |A|=v16+4+25=v45=3V5

1
L A=— (4i42j— 5K
3\/3(1 j )

. do 1 . . (o5 _ a3
o V¢——3\/§(4l+2] 5K) - (2i — 3j + 5K)
1 -23
=——(8-6-25)=—~-=-343
3\/5( ) 3v5
Example 3

Find the direction from the point (1, 1, 0) which gives the greatest rate
of increase of the function ¢ = (x + 3y)* + (2y — 2)%.

This appears to be different, but it rests on the fact that the greatest
rate of increase of ¢ with respect to distance is in
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the direction of V¢

All we need then is to find the vector V¢, which is

............

Vo = 4(2i +8j — K)

Because
¢ = (x+3y)% + (2y - 2)?
. 09 . 99 _ . 9% _ _
.—a—;—Z(x+3y), ay_é(x+3y)+4(2y z); 5_—2(2}» z)
At (1, 1, 0), %:8; %:32; %:—4

J. Vo = 8i +32j — 4K = 4(2i + 8j — K)
". greatest rate of increase occurs in direction 2i + 8j — k

So on we go

Unit normal vectors

The equation of ¢(x, y, z) = constant represents a surface in space. For
example, 3x—4y+2z=1 is the equation of a plane and
x% +y? + 7% = 4 represents a sphere centred on the origin and of
radius 2.

If dr is a displacement in this sur-
r face, then d¢ = 0 since ¢ is constant
over the surface.

Therefore our previous relationship dr - grad ¢ = d¢ becomes
dr-grad ¢ =0

for all such small displacements dr in the surface.

But dr - grad ¢ =| dr || grad ¢ | cosd = 0.

S0 =% .. grad ¢ is perpendicular to dr, i.e. grad ¢ is a vector

perpendicular to the surface at P, in the direction of maximum rate of
change of ¢ . The magnitude of that maximum rate of change is given

by | grad ¢|.
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The unit vector N in the direction of grad ¢ is called the unit normal

vector at P.

z N .. Unit normal vector

P Vo
N=—— 15
A // : dl' | v¢ | ( )
r
y V4
x” 0 —L 7y
s

x L _
Example 1

Find the unit normal vector to the surface x3y + 4x22 + xy?z +2 =0 at
the point (1,3, -1).
Vector normal =V¢=............

Vo = (3x%y + 422 + y?2)i + (23 + 2xpz)j + (8xz + xpH)k

Then, at (1, 3, - 1), Vop=4i-5j+k
and the unit normal at (1, 3, —1)is ............

1
7 W-91+K)

Because
| Vo |=v16+25+1= 42
Vo 1
and N=——-=——(4i-5j+Kk
[V | \/42( j )
One more.
Example 2

Determine the unit normal to the surface
xyz 4+ x%y — 5yz — 5 = 0 at the point (3, 1, 2).
All very straightforward. Complete it.
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1
Unit normal =N = ——(8i + 5j — 2k
/o3 51+ 51 - 2K)

Because
¢=xyz+x%y —5yz—5
= (yz+2xp)i + (xz + x* — 52)j + (xy — 5p)k

At(3,1,2), Vé=8i+5j-2K; |Ve|=v64+25+4=193
Vo 1

. Unit normal =N =-——-=——=(81+5j — 2k
Vg~ vog 31— 2
Collecting our results so far, we have, for ¢ (x, y, z) a scalar function
3]
@ gradg =V =21+ 05+ Pk

(b) d¢ = dr - grad ¢ where d¢ = ¢dx + o¢ dy + aqsdz
. o de
(c) directional derivative F i a-grad¢
. Vo
d) unit normal vector N = ——.
@ V6]
Copy out this brief summary for future reference. It will help

Grad of sums and products of scalars

(@) V(A+B) =i{3(A+B)} +i{%(A +B)} +k{3(A +B)}

OA . OA O0A OB OB, OB
{ax +oi+ 5 k} { i+ 2.8 k}

ax oy T oz
. V(A+B)=VA+VB
o van =i Zan | +i{ g an | +k{ L)

—I{Ag‘zw }+1{A‘;1;+Bay}+k{AaB+Ba}

={Ag—Bl+A5]+A k} {ZAi+B——j+BEk}

—a{Fir k) o{ G gk
V(AB) = A(VB) + B(VA)

Remember that in these results A and B are scalars. The operator V
acting on a vector ............
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has no meaning

Example

If A=x?*yz+xz> and B=xy’z— 7%, evaluate V(AB) at the point
2, 1, 3).

We know that V(4B) = A(VB) + B(VA)
At (2, 1, 3),

VB =3i+ 12j — 25Kk; VA =21i+12j+ 16k

OB OB OB o e
VB_axl+6yi—|—azk_yz1-|—2xyz;—|—(xy2 372k
=3i+12j - 25k at (2, 1,3)
_0A, OA, 0A

oA, oA, OA, 2 2 2
VA_axl+6y]+8zk (2xyz + z°)i + x°zj + (x*y + 2x2)K

=21i+12j+ 16Kk at (2, 1, 3)
Now V(AB) = A(VB) +B(VA) =

Finish it

V(AB) = 3(~117i + 36j — 362K)

Because
V(AB) = A(VB) + B(VA)
A =x%yz + x7% Coat(2,1,3), A=12+18=30
B==xy*z - 73 coat(2,1,3), B=6-27=-21

. V(AB) = 30(3i + 12j — 25K) — 21(21i + 12j + 16K)
= —351i + 108j — 1086k
= 3(—117i + 36§ — 362K)
So add these to the list of results.
V(A+B)=VA+ VB
V(AB) = A(VB) + B(VA)
where A and B are scalars.

Now on to the next page
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Div (divergence of a vector function)

The operator V - (notice the ‘dot’; it makes all the difference) can be
applied to a vector function A(x, y, z) to give the divergence of A,
written in short as div A.

fA=ai+aj+ak
. (.0 0 7] .
divA=V A= (1a+i6y+k§) . (ax1+ayi+azk)

oa o,  0a,

.'. leAZV‘A:ax ay g

Note that
(a) the grad operator V acts on a scalar and gives a vector
(b) the div operation V. acts on a vector and gives a scalar.

Example 1
If A = x2yi — xyzj + yz?Kk then

divA=V -A=2xy—xz+2z

We simply take the appropriate partial derivatives of the coefficients of
i, j and K. It could hardly be easier.

Example 2

If A = 2x%yi — 2(xy? + y32)j + 3y222K, determine V - A, i.e. div A.
Complete it. V-A=............

Because
A = 2x%yi — 2(xy2 + y32)j + 3y? 22k
_0Oay Oay Oa,
VA= T e

= 4xy — 2(2xy + 3y%z) + 6)°z

=4xy — 4xy — 6y’ + 6y?2=0
Such a vector A for which V- A =0 at all points, i.e. for all values of
X, ¥, Z, is called a solenoidal vector. It is rather a special case.
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Curl (curl of a vector function)

The curl operator denoted by Vx, acts on a vector and gives another
vector as a result.
If A=ayi+aj+aK, then curl A=V x A.

. _ (.0 .0 o] .
ie. curlA_VxA_(16x+]ay+kal)x(axi+ay]+azk)

i j k

—|2 2 2

|ox oy oz

ay dy a
: _i (%9 99y (% 0a Oay _ Ba
wvxa=i (G- i (G- Gr) k(G-

Curl A is thus a vector function. It is best remembered in its determinant
form, so make a note of it.

If V x A =0 then A is said to be irrotational.
Then on for an example

Example 1

If A= (y* — x222)i + (x2 +y?)j — x%yzK, determine curl A at the point

1,3, —2).
i i K
0 0 1o}
curl A=V x A= a 5; %
y4 _ XZZZ x2 + yz _xzyz

Now we expand the determinant
2_2 _EZ Zioﬂ_z _a 4 2.2
55 (D) — 2 (24 i 2 () — 0 = Y
2 2,2 _ﬂ 4 _ 2.2
+k{8x(x + %) ay(y x°z%)

All that now remains is to obtain the partial derivatives and substitute
the values of x, y, z.

VxA:i{

2i — 8 — 106k

V x A =i{-x2z} — j{-2xyz + 2222} + K{2x — 4)3}.
SAE(1,3, —2), VxA=i(2)—j(12—4) +K(2 - 108)
= 2i — 8j — 106k
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Example 2
Determine curl F at the point (2, 0, 3) given that
F = z&®Yi + 2xz cos yj + (x + 2y)k.

In determinant form, curl F =V xF=............

i j k
o 9 9
Ox oy 0z

ze?  2xzcosy x+2y

Now expand the determinant and substitute the values of x, y and z,
finally obtaining curl F=............

curl F=V x F=-2(i + 3K)

Because
V x F=1i{2 — 2x cosy} — j{1 — ¥} + k{2z cosy — 2xze*™}
TAt(2,0,3) VxF=i(2-4)-j1-1)+Kk(6-12)
= —-2i -6k = -2(i + 3Kk)
Every one is done in the same way.

Summary of grad, div and curl

(a) Grad operator V acts on a scalar field to give a vector field.
(b) Div operator V- acts on a vector field to give a scalar field.
(¢) Curl operator Vx acts on a vector field to give a vector field.
(d) With a scalar function ¢(x, y, z)

<9¢ 0¢
grad¢ = ng— +0_y]+azk

(e) With a vector function A = a,i + a,j + a,K
_Oay aay oa,

i j Kk
o o0 0
2 1A = A= — =
(2) cur v ox Oy 0z
ay dy 4

Check through that list, just to make sure. We shall need them all
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By way of revision, here is one further example.

Example 3
If  ¢=x2p2+x3yz—y2?
and F = xy2i — 2yzj + xyzK
determine for the point P (1, —1, 2),
(@ V¢, (b) unitnormal, (c) V-F, (d) VxF
Complete all four parts and then check the results with the next frame

Here is the working in full. ¢ = x2y? + x3yz — yz?

) 8
@) v¢=a—fi+%¢ a—fk

= (2xp% + 3x%y2)i + (2x%y + Bz — 2B)j + (By - 2y2)k
SUAt(1, -1,2)  Vé=—4i—4j+3k

(b) N= Y | Vo |=vV16+16+9 = V41

j+

| Vo |
-1
“N=——4i+4-3K
Jag A+ 4 - 3K)
2y w08 00 On
(©) F=xp*i—2yzj +xyzk  V-F= R T
S V-F=y2-2z+xy
" At(1, -1,2) V-F=1-4-1=-4 . V.F=-4
i j k
0 7] 0
(d VxF:a 5 3
xy? —2yz xyz

. VxF=1i(xz +2y) —j(yz - 0) + K(0 — 2xy)
= (xz+ 2y)i — yzj — 2xyk
wAt(1, —-1,2) VxF=2+2k .. VxF=2(j+K)

Now let us combine some of these operations.




Vector analysis 1 735

Multiple operations

We can combine the operators grad, div and curl in multiple
operations, as in the examples that follow.

Example 1

If A = x%yi + y23j — 223k

then divA=V-A= 2i+—(zi+£j—k - (YL + y2%j — 2xX°K)
= “\ax' Ty oz Y2l

=2xy+22+x3=¢ say

iVA) = V(V-A) =224, 0% 09
Then grad(divA)=V(V-A)= 8xi+ ay, + azk
= (2y+ 3x2)i + (2x)j + (322)k
i.e. grad div A = V(V - A) = (2y + 3x?)i + 2xj + 322k

Move on for the next example

Example 2

If ¢ = xyz — 2y?z + x22%, determine div grad ¢ at the point (2, 4, 1).
First find grad ¢ and then the div of the result.
At(2,4,1),divgrad =V - (V) = ...evnn....

div grad ¢ =6

Because we have ¢ = xyz — 2y%z + x272
g by 06 08
grad¢—V¢—axl+ay]+azk
= (yz + 2x22)i + (xz — 4yz)j + (xy — 2% + 2x*2)k
. div grad ¢ = V- (V) = 222 — 4z + 2x°
o At(2,4,1), divgrad =V - (Vg)=2—-4+8=6

Example 3

If F = x?yzi + xyz%j + y*zk determine curl curl F at the point (2, 1, 1).
Determine an expression for curl F in the usual way, which will be a
vector, and then the curl of the result. Finally substitute values.

curl curl F=............
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cutlcurl F=V x (Vx F) =i+ 2j+ 6k

Because
i §j Kk
0 0 0
curl F= 3_X 5 &
x%yz xyz* y’z
= (2yz — 2xy2)i + X*yj + (22 — x*2)k
i j K
1o} o 17}
Then curlcurl F= £ 5 3z

2yz — 2xyz X%y yz? —x’z
=721 — (=2xz — 2y + 2xp)j + (2xy — 2z + 2x2) Kk

SoAt(2,1,1), cutlcurl F=V x (VxF) =i+ 2j+6k

Remember that grad, div and curl are operators and that they must act
on a scalar or vector as appropriate. They cannot exist alone and must
be followed by a function.

One or two interesting general results appear.

(a) Curl grad ¢ where ¢ is a scalar

grad¢=%§i+%i+%k
i j k
8 0 0
. curlgrad p=|6x 8y oz
o 8¢ 0¢
x oy oz
_i{ﬁ_a%} .{az¢ ¢
= Woyoz ~ dzayf 7} m‘m}
¢ %9
i S o)
=0

curl grad g =V x (V) =0
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(b) Div curl A where A is a vector. A = a,i + ayj + a;K
i j k
o o 0
1A=VxA=|2 Z <2
cut AT &y
ax a, a

.(Oa, Oa .(Oa, Oa da, da
i) G 5) (%)
ThendivcurlA:V-(VxA):(i(%+i%+k%>-(VxA)
_ 0%, 0%ay, &Fa, 62a1+82ay_32ax
Ox8y 0z0x Oxdy 0Oydz 0z0x Oydz
=0
Sodiv curlA=V-(VxA)=0

(c) Div grad ¢ where ¢ is a scalar

3]
grad¢=a—ii+%i+%k

Then div grad ¢ = V- (V¢)

(.0 .0 ) op. 0O¢. 0O¢
= <l§+'6_y+k§) . (—1+—)+—k)

82¢ 82¢ 62;5
821’ 82;5 921,

;.o divgrad ¢ =V - (Vo) =W+W+@
= V24, the Laplacian of ¢
The operator V? is called the Laplacian.

So these general results are
(@) curlgrad ¢ =V x (V) =0
(b)divcurl A=V-(VxA)=0

P 2
© divgrad o= V- (ve) =52+ 24 20

That brings us to the end of this particular Programme. We have
covered quite a lot of new material, so check carefully through the
Revision summary and Can You? checklist that follow: then you
can deal with the Test exercise. The Further problems provide an
opportunity for additional practice.
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% Revision summary 17

If A = a,i + ayj + a;K; B = by + byj + b,K; C = G4 + G + ¢K; then we
have the following relationships.

1

)]

Scalar product (dot product) A-B =ABcos#d

A-B=B-A and A-(B+C)=A-B+A.C
IfA-B=0and A, B+#0then A1B.
Vector product (cross product) A xB = (ABsinf)n
n = unit normal vector where A, B, n form a right-handed set.
i j kK
ay a, a
by b, b,

AxB=—-(BxA)andAx(B+C)=AxB+AxC
Unit vectors

AxB=

Scalar triple product A-BxC)
ay a, a
A-BxC)=\by b, b,
G G G
A-BxC)=B-(CxA)=C-(AxB)
Unchanged by cyclic change of vectors.
Sign reversed by non-cyclic change of vectors.
Coplanar vectors A-(B x C)=0.
Vector triple product A x (Bx C) and (A xB)xC
Ax(BxC)=(A-C)B-(A-B)C
and (AxB)xC=(C-A)B— (C-B)A.

Differentiation of vectors
If A, a,, ay, a, are functions of u

dA_ds, doy da,
du du au!

Unit tangent vector T
dA

_ du
T_]%
du
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9 Integration of vectors
b b
j Adu=iJ a,‘du+]l aydu+kj a,du
a a

10 Grad (gradient of a scalar function ¢)

0 0
grad ¢ = V¢ = ¢i+ i+ 8¢
‘del’ — _(i2 390 9
del’ = operator V = (16x+]6y+k§)
o oode R . .
(a) Directional derivative = a-grad ¢ = a- V¢ where a is a unit

vector in a stated direction. Grad ¢ gives the direction for
maximuin rate of change of ¢.
(b) Unit normal vector N to surface ¢(x, y, z) = constant.
Vo
T1vel
11 Div (divergence of a vector function A)
. day Oay, Oa,
= . A —_ — — —_—
dvA=V-A=5 *% "oz

If V- A =0 for all points, A is a solenoidal vector.
12 Curl (curl of a vector function A)

i j Kk

g o0 0

1A= =|l— —— —
cur VxA % 9y oz
ay d, a,

If Vx A =0 then A is an irrotational vector.
13 Operators

grad (V) acts on a scalar and gives a vector

div (V) acts on a vector and gives a scalar

curl (Vx) acts on a vector and gives a vector.

14 Multiple operations
(@) curl grad ¢ =V x (V¢) =
(b) divcurl A=V -(VxA)=0
. ¢ ¢ %
(0) divgrad ¢ =V -(Ve) = X2+W+W
= V2¢, the Laplacian of ¢.

739
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¥4 Can You?

Checklist 17
Check this list before and after you try the end of Programme test.

On a scale of 1 to 5 how confident are you that Frames
you can:

e Obtain the scalar and vector product of two vectors?

Yes [ 0O 0O O [0 No

e Reproduce the relationships between the scalar and
vector products of the Cartesian coordinate unit
vectors?

Yes [ 0O O 0O 0O No

e Obtain the scalar and vector triple products and
appreciate their geometric significance?

Yes ] ] [] ] ] No

e Differentiate a vector field and derive a unit vector
tangential to the vector field at a point?

Yes [ O OO [0 [ No
e Integrate a vector field?
Yes [0 0O 0O 0O [0 No

e Obtain the gradient of a scalar field, the directional
derivative and a unit normal to a surface?

Yes ] ] [] [] ] No

e Obtain the divergence of a vector field and recognise a
solenoidal vector field?

Yes ] ] [] ] ] No
e Obtain the curl of a vector field?
Yes ] O ] ] ] No

e Obtain combinations of div, grad and curl acting on
scalar and vector fields as appropriate?

Yes [] O [] L] ] No
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Test exercise 17

Find (a) the scalar product and (b) the vector product of the vectors
A=3i-2j+4Kk and B=i+5j-2k

fA=2i+3j-5k; B=3i+j+2k; C=i-j+3K; determine

(a) the scalar triple product A - (B x C)

(b) the vector triple product A x (B x C).

Determine whether the three vectors A = 2i + 3j+ k; B =i — 2j + 2K;
C = 3i+j + 3K are coplanar.

If A= (2 +5)i— (4 + 3)j + 2u°K, determine

dA d’A dA
@) W (b) L (©) la\, allat u = 2.

Determine the unit tangent vector at the point (2, 4, 3) for the curve
with parametric equations

x=2u% y=u+3; z=4t-u

If F=2i+4uj+ v’k and G = v?i — 2uj + 4K, determine

2
J (F x G)du.
0

Find the directional derivative of the function ¢ = x2y — 2x2% + y?z at
the point (1, 3, 2) in the direction of the vector A = 3i + 2j — k.

Find the unit normal to the surface ¢ = 2x3z + x%y? + xyz — 4 = 0 at the
point (2, 1, 0).

If A =x%yi+ (xy +y2)j + x2°k; B = yzi — 3xzj + 2xyk; and

é = 3x2y + xyz — 4y%7% — 3; determine, at the point (1, 2, 1)

(@) V¢ (b) V-A; (c) VxB; (d) grad divA; (e) curl curl A.

Further problems 17

1

If A = 2i + 3j — 4K; B =3i+5j+2K; C=i—2j+3K; determine
A-(BxC).

FA=2i+j—3k B=i—2j+2k; C=3i+2j—K; find Ax (BxC).
fA=i-2j+3k B=2i+j—2k; C=3i+2j+k; find

(@ Ax(BxC); (b (AxB)xC.

If F=x%i+ (3x + 2)j + sinxk, find

2
W Oy ©

dF d
a‘; (d) a(F-F) atx=1.
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5

10

11

12

13

14

15

16

17

18

If F=ui+ (1 —u)j+ 3uk and G = 2i — (1 +u)j — u?k, determine
@ 5 6); B 3 (FxG); () g (F+6).
Find the unit normal to the surface 4x%y? — 3xz2 — 2y?z+4 =0 at the
point (2, -1, —2).
Find the unit normal to the surface 2xy? +y%z + x>z — 11 =0 at the
point (-2, 1, 3).
Determine the unit vector normal to the surface

xz% 4+ 3xy — 2yz2 + 1 =0 at the point (1, —2, —1).
Find the unit normal to the surface x%y — 2yz% + y?z = 3 at the point
2, —3,1).
Determine the directional derivative of ¢ = xe” + yz2 + xyz at the point
(2, 0, 3) in the direction of A =3i—2j + k.
Find the directional derivative of ¢ = (x + 2y + z)% — (x — y — z)* at the
point (2, 1, —1) in the direction of A =i — 4j + 2k.
Find the scalar triple product of
@ A=i+2j-3k; B=2i-j+4k; C=3i+j-2k.
b) A=2i-3j+k; B=3i+j+2k; C=i+4j-2k
() A=-2i+3j—2k; B=3i-j+3k; C=2i—-5j+k
Find the vector triple product A x (B x C) of the following.
(@ A=3i+j—-2k; B=2i+4j+3k; C=i-2j+k.
b) A=2i—-j+3k; B=i+4j-5k; C=3i-2j+k
() A=4i+2j—3k; B=2i-3j+2k; C=3i-3j+k
If F = 4131 — 2t%j + 4tK, determine when t = 1

dF d’F d

(a) ar (b) ae’ (©) E(F -F).
If ¢ = xZsinz + ze’ find, at the point (1, 3, 2), the values of
(a) grad gand (b) | grad g|.

Given that ¢ = xy? + yz?2 — x2, find the derivative of ¢ with respect to
distance at the point (1, 2, — 1), measured parallel to the vector
2i — 3j + 4k.

Find unit vectors normal to the surfaces x*>+y?—2>+3 =0 and
xy —yz+zx—10 =0 at the point (3, 2, 4) and hence find the angle
between the two surfaces at that point.
If ¥ = (12 + 3t)i — 2sin 3tj + 3e*’k, determine

d*r z

dr ) dr
@ I (b) aw (c) the value of e

att=0.
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19

20
21

22

23

(@) Show that curl (—yi+ xj) is a constant vector.
(b) Show that the vector field (yzi + zxj + xyK) has zero divergence and
zero curl.
If A = 2x7%i — xzj + (y + 2)K, find curl curl A.
Determine grad ¢ where ¢ = x% cos(2yz — 0-5) and obtain its value at the
point (1, 3, 1).
Determine the value of p such that the three vectors A, B, C are
coplanar when A =2i+j+4K; B=3i+2j+pk; C=i+4j+2k.
IfA=pi-6j-3k; B=4i+3j-k; C=i-3j+2k
(a) find the values of p for which
(1) A and B are perpendicular to each other
(2) A, B and C are coplanar.
(b) determine a unit vector perpendicular to both A and B when p = 2.




